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I. INTRODUCTION 



Much efforts have been devoted to the studies of the most striking investigations related to the black hole equilibrium 
^O ■ states, the uniqueness theorem in four-dimensional spacetime. The pioneering investigations were presented by Israel 
^^ I in Refs.[l|, |2|. Miiller zum Hagen et al. Q and Robinson [J| were able to find the generalization of Israel's theorems. 
^ ■ It was shown that Schwarzschild and Reissner- Nordstrom (RN) solutions were the only Einstein or Einstein-Maxwell 
(~| (EM) (non-extreme) solutions that satisfied the conditions of being static black hole metrics. Quite different approach 

"'Y' . to the aforementioned problem usin g a conformal transformation on a spacelike hypersurface and the positive mass 
p) i' theorem fs, ^ was proposed in [3|-[l3|- The complete classification of four-dimensional vacuum black holes was 
1^ . established in Ref.[ll|, Il3; where the condition of non-degeneracy of the event horizon was removed. Studies of the 
near- horizon geometry conducted in Ref. [l3| enabled to eliminate the last restrictive condition of the static electro- 
vacuum no-hair theorem. 

The turning point for establishing the uniqueness of stationary and axisymmetric black hole spacetimes being the 
K>" ' solution of vacuum Einstein equations were achieved by Carter [Ij, [l^ and Robinson [l^. The systematic way 
j^ . of obtaining the desire results in electromagnetic case was presented by Mazur [13, Ha] and Bun ting [19l] (se e also 

Ref. [2^). For a review of the uniqueness of black holes solutions story in four-dimensions see, e.g, [l^ and |2l| . 
— ^ . Nowadays, there has been also an active period of constructing black hole solutions in the string theories (see 

• ' [22| and references therein). The stationary axisymmetric black hole solution in four-dimensional Einstein-Maxwell- 
C]^ \ axion-dilaton (EMAD) gravity being the effective theory of the heterotic string theory was obtained by Sen [2J|. The 
a-model representation and symmetries of stationary axisymmetric solutions in EMAD gravity were widely studied 
[2J|-[3j]. One should also mention the efforts of proving the uniqueness theorem for the black holes appearing in the 
theory in question |34|-|4G|. 

Recently, the uniqueness theorem for the extremal black hole solutions acquired much attention. It was shown that 
the near-horizon geometry of any extremal vacuum black hole must agree with the extremal Kerr black hole line ele- 
Vh ' ment '41]. The same statement is also valid in the case of Kerr-Newman spacetime. The uniqueness for asymptotically 
5^ , fiat stationary extremal vacuum black hole solutions in four and five-spacetime dimensions were presented in Ref. j42| . 
Using the Mazur identity it was proved that the only four-dimensional stationary axisymmetric asymptotically flat 
vacuum black hole with a single degenerate horizon was extremal Kerr solution or extremal Kerr-Newman in the 
case of EM theo ry J43| . The different method of proving the uniqueness theorem for extremal Kerr black hole was 
proposed in Ref. |44| On the other hand, mathematically rigorous proof of the uniqueness theorem for the extremal 
Kerr-Newman black hole was elaborated in Ref. |45| . 

In our paper we shall consider the stationary axisymmetric black hole solutions to the EMAD gravity (Kerr-Sen 
solution) using cr-model representation of the underlying theory. We shall take into account both the non-degenerate 
as well as the extremal Kerr-Sen black holes. We prove the uniqueness theorem for both stationary axisymmetric 
black holes in this theory. It enables us to close a gap that existed for many years in the proof of the uniqueness 
theorem for black holes being the solutions of the low-energy effective heterotic string theory. 

Our paper is organized as follows. In Sec. II we review the cr-model representation for the field equations of EMAD 
gravity being the low-energy limit of the heterotic string theory. This effective theory comprises gravitational field 
5^1,, scalar field dilaton, the C/(l)-gauge field and the Kalb-Ramond antisymmetric tensor field which is equivalent 
in four-dimensional spacetime to the Peccei-Quinn antisymmetric pseudo-scalar axion. The next subsection will be 
devoted to the Mazur identity, the main tool for proving the uniqueness theory for stationary axisymmetric black 



hole in the theory in question. In subsection C we determine the boundary conditions and show that two stationary 
axisymmetric solutions of EMAD gravity subject to the same boundary and regularity conditions coincide with each 
other. In Sec. Ill the near-horizon geometry of the stationary axisymmetric extremal solution to EMAD-gravity and 
the boundary conditions for the fields appearing in the theory will be analyzed. All these help us to to find the 
uniqueness theorem for the extremal Kerr-Sen black hole solution. 

II. UNIQUENESS THEOREM FOR KERR-SEN SOLUTION 

A. (7-model representation for EMAD-gravity 

In this subsection we review the derivation of the three-dimensional cr-model representation for the bosonic part of 
a heterotic string theory compactified to four-dimensions. The so-called EMAD gravity contains metric tensor g^i,, 
C/(l) gauge field, the Kalb-Ramond antisymmetric tensor Bap and dilaton field 0. In four-dimensional spacetime 
the Kalb-Ramond tensor is equivalent to the pseudo-scalar axion field. The resulting effective action for the bosonic 
sector of the heterotic string with one gauge field is provided by 

S^ f d^xV^fn - 2V^0V^0 - i e^^ V^aV^ - e'^^ F^.F^^" - aF^, * F^"") , (1) 

where *-Fpi, — 1/2 e^^p-^F'''^ . In order to reduce the system under consideration to three-dimensions one should have a 
non-zero Killing vector field. Introducin g th e timelike Killing vector field allows us to rewrite a metric for an arbitrary 
stationary configuration in the form as [46| 

ds^ = -f (dt - LOa dxA + ^ dx'dx^, (2) 

where hij is three-dimensional metric, uja is the rotation vector, while / is scalar. All the line coefficients depend on 
x% where i = 1, . . . 3. 

Due to the existence of timelike Killing vector field it will be possible to decompose the generalized Maxwell 
equations into the two components field, electric and magnetic. Namely, one has respectively the following relations 

g-20 pab ^ ^ ^ pab ^ f ^abc q^^^ ^4) 

V 2/i 



where v is the electric potential, while k is responsible for the magnetic one. Further, one can introduce the torsion 
vector [4^] defined as 

r" = _jLe"ufe dj ujk. (5) 

It turned out that it can be rewritten by means of the twist potential x in th^ sense defined in Ref. [46J 

n = dtX + v d^K- K diV, (6) 

The most important feature of the above EMAD-gravity equations of motion is the fact that all the above relations 
can be achieved by variation of the action provided by |29l . |33| 

S ^ I d^xVhhR + ^ (dj d'f + nA - 25„05'"0 - ^e^^ 9™a a"a (7) 

+ 7 (e^'''{^^K - a^^v){^'K - ad'v) + e-'^'I'dkV d^vU. 

Consequently, it can be proved that the above equations can be cast into a set of relations derived from the action 
for cr-model for vector potential ^a coupled to three-dimensional gravity. Namely, the action is provided by [27| 



S= j d^xVhf'^^^R - Gab dM dj<i>^ 



(8) 



where the line element of the target space implies 

Gab d<^^ rf$^ = ^^^*""^' '^"^ + ^'^^ + '^'^^ " ^^''^^^ ~ ^^"^'^'^ ~ "^")^ (^) 

where we have denoted 77 = 0— 1/2 In / and C == ^('/' + 1/2 In /). The vector potential ^a has six non-zero components 
(/, V, K, X, a, (j)). From the action ([8|) we can get the standard equations of motion for gravitating cr-model. They 
imply 

(3)i? = Gab d.M dj<^^ WK (10) 

Varying the action (|S]) with respect to $^ we arrive at the equation of motion for '^^ field 

(h)^. (h)yi^A _^ f^,j j.A^^ Q^^B g^^C ^ q^ (^^) 

where ^'*Wi is the nabla operator with respect to three-dimensional metric hij, while T'^bc is the ChristofFel symbol 
in the target space metric Gab- 

Now, we proceed to consider another Killing vector field which is assumed to commute with the timelike one 
introduced before. It implies, without loss of generality, that the three-dimensional metric can be expressed as 
follows: 

Hence, the equation of motion for $a field yields 

COy, ('')V' $^ + r^sc (dp'^^ dp<^^ + d,^^ 9,$^") = 0. (13) 

On this account, the function 7 may be determined by the equations 

^'^Rpp C'^i?.. ^^^Gab (dp^^ dp^^ + 9.$^ a.$^) , (14) 

Wr^^ ^ ^=Gab dp<P^ 9.$^. (15) 

Then, the action of the system can be rewritten in terms of the current matrix J' [23, l3l|, [S^l 

5*= i f dpdz pTr{rJi), (16) 

where J* = V*M M~^. Using the Gauss decomposition, the symmetric matrix M may be written as 

while symmetric two-dimensional matrices P and Q are given by the following: 

where we have denoted w = k — a v. 

B. Mazur identity 

In the proof of the uniqueness theorem for stationary axisymmetric black hole solution in EMAD gravity a key role 
will be played by the so-called Mazur identity [13, [21|. Let us consider two sets of field configurations Af[o] and Af[i] 



satisfying the equation of motion of the underlying theory and denote the difference Jdiff between those two field 
configurations by the following relation: 

Jkff = J[i] - J[o] = V^M[i] M[7]i - V'^M[o] M[-]i . (19) 

Then, we define the deviation matrix ^ which implies 

VI, ^ Md^ff M[-]i = M[i] M[-]i - 1, (20) 

where 1 is the unit matrix and Mdtff = Mrii — Mroj. One can remark that the deviation matrix ^ will be equal to 
zero matrix if and only if the two field configurations will accord. Expressing the Laplacian of the deviation matrix 
in the manner of p and z-coordinates one arrives at the following: 



d.,(^p dHr^^ = p K, (^Jl^^fj M^^l Jl.fj M[i]^, 



(21) 



where we define the transpose current matrix in the form as follows: 

J* = Af-i V,M . (22) 

By integrating the above equation over the adequate region i7 of the (p, z)-plane and by means of the Green theorem 
we get the expression 

p d"\tr^>) dSm = [ P K, (jl Mff Mr,} r^.ff M[i]) dp dz. (23) 

an Jn \ J 

The boundary of the region in question embraces the black hole event horizon, plane of rotation and the infinity. 
Because of the fact that matrix M has a square root matrix to, i.e., M = m to* one can rewrite the Mazur identity 
in a suitable form. On this account, one arrives at 

p d"\tr^') dSm^ I P hij (tr<Pl $M dp dz, (24) 

an Jn \ J 

where ^k = 't^[i] Jk diff "^rol- ^^ '-^'^ ^^ seen that the right-hand side of Eg.p^ is non-negative. If one impose the 
boundary conditions on dVl such that the left-hand side of the relation disappears, we can conclude that Jdiff — 0- 
From the relation V'l' — M^} J diff M[i] it also follows that the matrix $ has to be constant over the considered 
region 51. In particular, if the matrix in question is equal to zero matrix, then it yields that two solutions M\m and 
M[i], subject to the same boundary and regularity conditions match each other. 

C. Boundary conditions 

In this subsection we shall apply the Mazur identity for the field configuration described by the current matrix Ji. 
We shall look for the boundary conditions of the fields at infinity, on the plane of rotation as well as at the black hole 
event horizon. Moreover, we assume asymptotical flatness of the considered black hole solution to EMAD gravity and 
regularity on a plane of rotation and on the the black hole event horizon. 

The Kerr-Sen metric being the stationary axisymmetric solution to EMAD gravity was derived in Ref. j23|. The 
metric of the Kerr-Sen black hole spacetime implies 



ds = \ dt- a sm ' 



where we have defined the following quantities: 



f{f — r_) + a'^ 1 rf(/) — adi 



^df2 + Sd6l^ (25) 



n2 

E^f (f-r_) + a2 cos^6l, A = (f - r_) (f - 2A/) + a^ r_ = — . (26) 

M is the black hole mass, Q is attributed to its charge, while a is the Kerr rotation parameter related to the black 
hole angular momentum by J = a M . The black hole event horizon radii are located at 

(27) 




Furthermore, the asymptotic behaviour of the metric coefficients are provided by relations 



m 



2M 
f 






9i4> 



2JS\TL 



+ ^1^ 



(28) 



f(f - r_) +0{f) 



sm 



f(f-r_) + 0(f), 



where M and J are respectively mass and angular momentum asymptotically conserved at spherical spatial infinity. 
For the fields existing in the theory under consideration, i.e., for dilaton field, electric and magnetic part of U{1) 
gauge field and for the axion one, we have the following limits as r tends to infinity: 



o|-l. 



oil 

r 



->i 






(29) 



On the other hand, the fields existing in in the theory under consideration, i.e., dilaton and axion fields and electric 
and magnetic part of t/(l) gauge field and for the axion one, yield 



„20 _ 



(f 



r_ Ofe cost 



(2Mr_)-5 {f-rJ}T,, 



{f — r_)2 + a^ cos^ 



r_ Ofe cos f 



(30) 

(31) 



They have the following limits as r tends to infinity: 



o[h, 



r 



KC^O — 



a-O — 



(32) 



As in Ref. !47| , comparing the asymptotic forms of the metric tensor coefficients given by relations (|28|) with the Weyl- 
Papapetrou metric ^, we derive the boundary conditions. On the other hand, one can assume that they behave in 
some manner and conduct the uniqueness proof [48[. 

Moreover, the regularity conditions on the rotation plain requires that g^^ should have the form g^^ = f^^ sin 9. It 
implies that /^^ ~ f(f — r_) + ©(f). 

The event horizon has 5^-topology which enables one to introduce the spheroidal coordinates 



Z^Xfl, p2 = (A2-c2)(l-^2)^ 



(33) 



where fi — cos 29. The boundary A = c is responsible for the black hole event horizon, while two rotation axis 
segments distinguishing the north and south of the horizon are given by the respective limit /i = ±1. Consequently, 
the asymptotic behaviour of /^^ implies 



A 



±1 



oo 



U^ ~ 0(1), A 



U^f, ^ o(i), 



(34) 



f^^o,x + ^V\-^— + o(x-^ 



Similarly, one has that 



500 



P y 2 



f(f~ r_) + 0{f) 



sin^ 6*, 



where / = /^^ sin 9. It may be noted that p is provided by the following relation: 

r\f-r^f+0{f) 



p' = 



sm 



(35) 



(36) 



By virtue of the above, it can be seen that p vanishes at the (/)-invariant plane, where sinfl — 0, and also on the event 
horizon due to the form of the metric ^. It is also clear from the definition of A, that the relation between A and f 
yields 



A = f(f-r_)+0( i). 



(37) 



while for r as a function of A, we get 



. = VA(1--+0U +-. (38) 



It follows directly that, the asymptotic behaviours of p are determined by the formulae 



II -^ 1 ^p^Oi^l^i], (39) 



^ ^ -1 ^p-OfyiTT^j, (40) 

A ^ c ^^p-ofVA^cV (41) 

A ^ cx) ^p~o{\], (42) 



On the other hand, the following form of equation may be noted for the rotation vector 

2J 

r^[f — r-) 



^<t>^- ,2ir . , +0(f~^). (43) 



As usual we take into account the domain of outer communication << ^J >> as an oriented rectangle. Namely, 
one has the following: 

dj^^^ = {m=1, A = c,...,i?}, (44) 

9^(2) = {A = c, ^ = 1,...,-1}, 

dj^^^ = {^i = -l, A-c,...,i?}, 

a^(4) = {A = i?, A* = -!,..., 1}. 

The corresponding metric on the domain of outer communication << J^ >>, written in spheroidal coordinates is 
given by 

dsl.j» = (A^ - ^V^) (3^ + ^) . (45) 

Then, the boundary integral on the left-hand side of the Mazur identity (|24| may be written as 



. ^ .^. ^. ^^. , ^.. . .,, ^d,{tr^) - f dpp J^ 
dj Jdj V ^^ •'SJ V n-w 



p d'^itr-^) dSa = / d\p J^d^{tr-^) -I dpp ^l^dxitr-^). (46) 



We can also readily write down the asymptotic forms of y/hxx/h^ and \Jh^^/h\\. They become respectively 



A^^i ^W^^o(^v/T^j, p^-i ^ W^^o(yTT7I), (47) 



and similarly we achieve 



In what follows we have used MAPLE symbolic mathematical program to calculate the trace of deviation matrix. 

First let us consider the behaviour of the deviation matrix near axes. From Eqs. pop and ()40p we see that p — >■ 
0(^/1 — /i) when p, tends to 1, or p — > ©(-^/T+Ti) when p — > —1. The same kind of behaviour reveals the coefficients 
on the right-hand side of the integral of the Mazur identity Eq. p6)) . On the other hand, when we approach the axes of 
rotation /^^ ~ C'(l)- Similarly, inspection of Eqs. (l5n)) - (|5T|) reveals that f, a, e^'^ and n tend to 0(1) as we approach 
the considered limit. 



It remains to take into account the behaviour of the deviation matrix near the black hole event horizon. From the 
previous considerations one has that if A — >■ c /^^ ~ C'(l) and p — >■ 0{\^X — c). The inspection of the behaviour of the 
fields in EMAD-gravity given by the relations (pO|) and (|3T|) enables to conclude that as A — ?► c they are proportional to 
0(1). They are well-behaved functions as A tends to the constant value c. The same behaviours reveal the coefiicients 
in relation ((46]). Summing it all up, we draw the conclusion that it is sufficient to establish, that tr ^ ~ C>{1) near 
the event horizon of Kerr-Sen black hole. 

On the other hand, at spatial infinity /^^ ~ 0{X) and the coefficients in the Mazur integral given by Eq. (|46l) are of 
the same form. The same tendency is provided by p. Then, the careful inspection of all the components building the 
trace of the deviation matrix \1/ reveals that dfj,{tr'^) ~ 0{X~'^) plus terms of order A", where n > —4. 

Just we have shown that tr\E' is bounded in the orbit space and vanishing at spatial infinity. It concludes that two 
configurations conditions coincide, i.e., Mrgi = Mmi in all the domain of outer communication << J^ >>. It provides 
that two solutions of equations of motion for EMAD-gravity underlying the same boundary and regularity conditions 
coincide with each other for at least one point in << J7 >>. We can assert to the coclusion. 
Theorem: 

Let us consider a stationary axisymmetric solution to four-dimensional EMAD-gravity being the low-energy limit of 
the heterotic string theory with asymptotically timelike Killing vector field k^ and spacelike Killing vector field (p^ 
responsible for rotation. Then, any solution with the same boundary and regularity conditions as the Kerr-Sen black 
hole is the Kerr-Sen solution itself. 

III. UNIQUENESS OF EXTREMAL KERR-SEN SOLUTION 

Consider now, the extremal Kerr-Sen solution, i.e., f+ = f_. Our next task will be to extract the near-horizon 
geometry of the extremal solution. To proceed further, let us define the coordinate transformation in the form as 
follows: 

i = 2M X77r~^\ t: (49) 

(50) 
(51) 



2Af 


(M-h^) A 


t, 




</- + 


{M+'-)X 


i, 




A / 

y \ 


M+^) + 


f 

Af + 

V 


2 



Taking the limit of the scaling parameter A — >■ 0, we arrive at the near-horizon geometry of the Kerr-Sen extremal 
black hole spacetime. Consequently, we obtain the metric which yields 

.._(., a,. ....... . .r...2. ^isin^^U-^'^' 

4 J \ y2 



ds^ = ( M^ (1 + cos^ 9) - r_ M cos^ S-— sin^ 9] { -^-^ + dd^ ) (52) 



4 sin-" 9 M^ { M - ^ 



dt^ ^ 



A'P (1 + cos2 9) - r_ M cos2 9 - ^- sin^ 

In order to put the near-horizon metric for the Kerr-Sen extremal black hole into the Weyl-Papapetrou form, one can 
remind that (y, 9) part of the line element is conformal to dy^ + y2 (19^ _ Thus, let us introduce the change of variables 
given by 

p = y sin0, z = y cos 9. (53) 

Using the above relation ([53]) the line element (f52|) takes the form of ([2|). 

For the near-horizon geometry it turns out that the fields appearing in EMAD-gravity can be determined by 

(2Mr_)i (Af-^) ^^^^ 



Af2(l + cos2 0)- ^ sin^ 9 - M r_ cos2 
(2Afr_)^ (A/-^) cos 61 
A'f 2(1 + cos2 9)-^ sin^ ~ M r^ cos2 9 ' 



(55) 



r_ COS! 



„20 _ 



(Af-I-) (1+COS2 0)' 

(M-^) (l+cos2 



sin^ 9 — M T- cos^ I 



Af2(l + cos2 6l)-^ 
On this account, the components of the current matrix are provided by the fohowing relations: 

(2Mr_)^ 



w 



Af 2(1 + cos2 0)-^ sin2 e - M r_ cos2 



M -'^] (1 + cos^ ■ 



1 + cos2 



8 

(56) 
(57) 

(58) 



e-^* V = 



e^2* v' = 



(2Mr_ 



(Af 



(1 + C0S2 



2Afr_ 



A//2(l + cos2 6*) - -^ sin2 61 - M r_ cos2 
and combining relations ([M)) and ([58|) we get the following: 

2Afr_ (Af- ^) 



V w 



Af2(l +C0S2 



sin^ 9 — M r^ cos2 i 



Af - — ) (1 + cos2 • 



COB 9 



1 + C0S2 ( 



(59) 
(60) 

(61) 



A. Boundary conditions 

Now we shall study the behaviour of the all components comprising the deviation matrix ^ as one approaches 
near- horizon limit, axes of rotations and asymptotic spatial infinity. Inspection of Eqs.lfSS]) and (pT|) reveals that they 
are proportional to ^?°^^'Xg ^ which can be rewritten in the form as follows 



cost 



1 



sm 



l + cos2 6i 2 4 (1 + COS2 6') cos2 



(62) 



This shows that the deviation from the constant factors out through the term proportional to sin2 9. By virtue of the 
relation described by (|55p one gets that 



sin2 6' 



2 4(1 + cos2 9) cos2 I [Af 2 + ^^(sin^ 



(63) 



where a is a constant. Returning to the relation ([56]) one can reveal that it provides the same deviation from constant 
factor through term proportional to sin 9. On the other hand, the dilaton term reduces to the following form: 



=20 



Af2 + 0(sin2 



Oil) 



(64) 



Let us consider the behaviour of the deviation matrix ^ near the event horizon of the extremal Kerr-Sen solution 
given by the line element (|52p . Using Eas. ([55| - ([M|) one can calculate the trace of ^I*. It is rather tedious work but 
can be easily automated by using the symbolic math program, as in the nodegenerate case. For ^ 0, vr the value of 
^ is finite in the limit 1/y, when one approaches the extremal event horizon. As we approach to the horizon for all 9 
including and tt the value of all the ingredients in ^a are bounded and we get tr^ ~ C'(l). 

Next, we shall take into consideration the asymptotic spatial infinity. We assume that the solutions are asymptot- 
ically flat, i.e., the metric coefficients have the forms of (|28p and for the field under consideration relations ([2^ are 
satisfied. Inspection of all the components of the deviation matrix provides the conclusion that tr'^ = 0{l/r^). The 
same behaviour was revealed in the in the non-extremal case. 

As far as the boundary conditions near the axis of rotation are concerned, they are chosen to guarantee the 
regularity of the line describing extremal black hole near the fixed points of rotational symmetry described by the 
adequate Killing vector field. As one approaches the extremal horizon along the axis = and performs the necessary 



calculations, wc can draw the conclusion that tr'^ = 0(1). All these conclude the following uniqueness result: 
Theorem: 

Let us consider a stationary axisymmetric spacetime with a connected degenerate future event horizon in four- 
dimensional EMAD gravity being the low-energy limit of the heterotic string theory Then, any solution with the same 
boundary and regularity conditions as the extremal Kerr-Sen black hole is the extremal Kerr-Sen solution itself. 
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